We find quasinormal spectrum of the massive scalar field in the background of the Kerr black holes. We show that all found modes are damped under the quasinormal modes boundary conditions when µM is not large, thereby implying stability of the massive scalar field. This complements the region of stability determined by the Beyer inequality for large masses of the field. We show that, similar to the case of a non-rotating black holes, the massive term of the scalar field does not contribute in the regime of high damping. Thereby, the high damping asymptotic should be the same as for the massless scalar field.
I. INTRODUCTION
Scalar field in a black hole backgound is a subject of active investigation [1] , yet the massive scalar field has been investigated only in very few studies as to its quasinormal spectrum [2] , [3] , late-time behavior [4] and scattaring properties [5] . Behavior of the massive scalar field in a black hole background is quite different from that of the massless one in many aspects: first, it demonstrates the so-called superradiant instability [6] , which is absent for massless fields. This super-radiant regime happens provided the real oscillation frequency satisfies the inequality |Reω| < ma/(2M r + ), where m is the azimutal number of the mode, and M is the mass of the black hole. Another research, indicating the instability of massive scalars was that by Detweiler [7] where slowly growing instability was suggested for values µM << 1, i.e. in the regime, when particle Compton wavelength is much larger then the size of the black hole (µ is the mass of the scalar field). Second, it may cause existence of infinitely long-living modes called quasi-resonances [8] . Finally, at asymptotically late times the massive fields show universal behavior independent on spin of the field [9] . Note, that scalar field with the mass term can be also interpreted as a self-interacting scalar field within regime of small perturbations [10] . One more recent application of dynamic of the massive scalar field in a black hole backgound comes from different brane-world theories where massless fields can be considered as effectively massive fields on the brane.
Yet, the strongest motivation to make an extensive search for quasinormal modes of massive scalar field is that until now the stability for massive scalar field perturbations in the Kerr background is not studied under nonsuper-radiant (quasinormal) boundary conditions. Usually, stability of spherically symmetric black holes, like Schwarzschild or Reissner-Nordrstrom ones, can be relatively easily proved by using positivity of the conserved energy. On the contrary to the Schwarzschild case, Kerr black holes have negative energy density inside the ergosphere. Therefore, fields can grow in parts of the spacetime, leading to instability. The only result on stability of massive scalar field in Kerr space-time, we are aware of, is that of Beyer [11] , where it was proved that the modes of field with the mass obeying the inequality
are stable. Note, that the inequality found by Beyer is not compatible with conditions for super-radiance, so it does not contradict super-radiant instability of massive fields. In addition, the above inequality does not mean that fields of lower mass are unstable, and Beyer suggested the ways to lower the inequality [11] . If such an instability exists one could find an accurate threshold value of field mass µ when the instability begins. This could be done by an extensive computing of the quasinormal modes and by finding of the growing ones. Some low laying WKB quasinormal modes were found by Simone and Will [3] , yet neither fundamental modes (ℓ = n = 0, ℓ is multi-pole number), nor modes with n ≥ ℓ can be found with trustable accuracy by WKB approach [12, 13, 14] , even despite very good accuracy of WKB method for low overtones [15] . Therefore, being limited by WKB accuracy, one cannot judge about stability and high damping asymptotic in this case. Recently the quasinormal damping and late time regimes in time domain were investigated by L. Burko and G. Khanna in [4] , and no instability was observed in the considered range of values of field mass µ [4] .
Because of the above reasons, in this paper we used the accurate Frobenius method to make an extensive search for quasinormal modes of the massive scalar field around Kerr black holes. The paper organized as follows: Sec. II introduces the main formulas for the wave equations and the Frobenius procedure. Sec. III gives numerical data for found quasinormal modes, and Sec. IV discusses the obtained results and the possibility for (un)stability.
II. BASIC EQUATIONS
The background metric in the Boyer-Lindquist coordinates t, r, θ, φ has the form:
where, M is the mass of the black hole,
The massive scalar field obeys the equation:
The radial wave equation (Φ = e −iωt e imφ R(r)S(φ, θ)) is well-known:
where
The separation constant λ satisfies the equation
and can be found numerically for any given ω [16] . Since λ(ω) can be obtained numerically, we are able to solve the equation for the radial part (4), using the continued fraction method [17] . In order to satisfy the quasinormal mode boundary conditions, which corresponds to purely in-going waves at the event horizon and purely outgoing waves at spatial infinity, we require that
where r + marks the event horizon:
The sign for χ should be chosen in order to remain in the same complex quadrant as ω.
The equation (4) has three singularity points: the spatial infinity (r = ∞), the event horizon (r = r + ) and the internal horizon (r = r − = a 2 /r + < r + ). Thefore the appropriate Frobenius series has the form:
And the coefficients satisfy the three-term recurrence relation:
α n a n+1 + β n a n + γ n a n−1 = 0, n ≥ 0, γ 0 = 0, (8) where α n , β n , γ n can be found in analytical form. We do not present them here because they have rather combersome form. By comparing the ratio of the series coefficients
we obtain an equation with a convergent infinite continued fraction on its right side:
, that can be solved numerically by minimizing the absolute value of the difference between its left and right sides. The equation (10) has infinite number of roots, but the most stable root depends on n. Generally the larger number n corresponds to the larger imaginary part of the root ω.
Note, that the case under consideration allows to use the Nollert procedure [18] , in order to improve convergence of the infinite continued fraction, that is useful for searching roots with a very large imaginary part.
III. NUMERICAL RESULTS
Since we are limited by Kaluza-Klein equation, we do not take into consideration the effect of the mass of the scalar field onto the black hole. Thereby, we can consider only small values of mass of the field µ, in comparison with the mass of the black hole M , i.e. µM << 1. Yet, as large values of µ are possible in brane-world theories, we shall touch this case as well.
The quasinormal modes of the Kerr black hole depend on several parameters: the multi-pole number ℓ, the overtone number n, the azumutal number m, and on the black hole and scalar field parameters: M , a, µ. Note that m can take values −ℓ, −ℓ + 1, ..., ℓ − 1, ℓ. From here and on we measured µ and a in units of black hole mass M . Let us look at tables I-III: the damping rate determined by the imaginary part of the ω is decreasing considerably with increasing of mass µ. While the real oscillation frequency is slightly increased with grwoing of µ. This happens also for Schwarzschild black hole [2] . Note, that it is the fundamental mode n = 0 that contributes mainly into the ringing signal.
To check the correctness of the applied procedure we considered particular cases of massless scalar field in the Kerr background and of the massive field in the Schwarzschild background. For these two cases the quasinormal modes are well-known for example from the papers [19] , [2] , [3] , [8] . One can see, for instance in the table III that QNMs in case of µ = 0, coincide with corresponding data in of [19] , [2] , [3] . Also data in tables I-IV for a = 0 coincide with modes found in [8] .
As the number of the overtone is increased, the QN frequency of the massive field becomes closer to that of the massless field. For the case of Schwarzschild black hole, we proved in [8] , both analytically and numerically, that this tendency of QN modes to diminsh difference stipulated by mass µ, ends with a universal high damping asymptotic, which is independent on the mass of the field. Thus, the massive term µ does not contribute to high overtone behavior of Schwarzschild black holes. We shall show numerically that the same is true for Kerr black holes. Indeed, from Table II, one can see that already for relatively small overtone number, the difference between quasinormal modes with different values of mass µ becomes negligible. This is important for us, because now, we are in position to say that it is enough to study low overtone behavior to judge about stability of Kerr case within our numerical approach.
From Tables I-V and figures (1-2) , we see that all found modes for different values of parameters ℓ and m are damped in the regime of small µ. Larger µ (see Fig.  3 ) leads to considerable decreasing of the damping rate and finally to the same infinitely long living modes (i.e. modes with infinitesimaly small imaginary part) found in [8] for Schwarzschild black holes and called quasi- resonances. Therefore, when increasing µ, the strict line in Fig. 3 does not have continuation into negative halfplane. We see here that, the larger mass of the field µ is, the more low laying modes will change into quasiresonances. Meanwhile, the rest of the spectra consists of ordinary modes (i.e. modes with finite time of damping). Moreover, at sufficiently high overtone number, the difference between massive and massless case will be neglected (see Table II ). This behavior mimics the QN behavior of non-rotating black holes. Yet, potential for massive scalar field around non-rotating black holes is definitely positive everywhere outside black hole, while for Kerr solution, the potential depends upon complex frequency and such a stightforward analysis is impossible. Now we are in position to state that the high damping asymptotic for quasinormal modes of massive scalar field is the same as for massless one, i.e. the real part increases with m according to the numerical law described in [20] .
To exclude possible instability we should search for QNMs for different values of ℓ and m. As one can see from representative plots Fig. 1 , at large ℓ the imaginary part of the QN frequencies remains bounded and, thereby, does not show any tendency to instability. The dependence of the real osicillation frequency on the azimutal number m can be found on Fig. 3 .
After careful investigating of region of small values µM , we conlcude that there are no unstable modes. As to the case of intermediate µM , our extensive search of quasinormal modes implies that there are no unstable modes at least as far as µM is not much larger then 1. We certainly cannot find quasinormal modes for any large value of µ. This happens because the numerical procedure used here requires slow changing of µ, when searching for new modes, in order not to jump occassionaly into another overtone. Thereby, considerably large values of µ can be reached only for very long time of computation. 
IV. CONCLUSION
In the present paper we have considered the massive scalar field perturbations for the Kerr black holes.
Within numerical approach we managed to compute Table IV : Values of the quasinormal frequencies for the fundamental mode n = 0, ℓ = 1, m = 1 for different values of mass µ, and rotation a. Table V : Values of the quasinormal frequencies for higher overtones for µM = 0.1, ℓ = 1, m = 1. We have shown that similar to the Schwrazschild case, the massive term does not contribute into the high damping part of the spectrum. Therefore we can conclude that for not large values of µM there is no instability for massive scalar field under the quasinormal mode boundary conditions. From the inequality (1) it follows that for a given black hole mass M and rotation a, for any large µ, there is sufficiently large m, so that inequality is not performed. Therefore we sould have instability for sufficiently large values of m, even for large µ. Yet, we have whon in Fig. 1 , that QN spectrum for larger values of m does not show any tendency to instability, because the Imω for increasing values of m remains bounded within some region of negative values corresponding to damping. Thefore inequlity (1) found in [11] means stability for fields with sufficiently large values of µ.
In addition, we have shown that the qusi-resonances, which exist for the Schwrazschild metric, exist also for Kerr black holes.
